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(G.F. Wang).In the present paper, we consider a two-dimensional contact problem of a rigid cylinder indenting on an
elastic half space with surface tension. Based on the solution of a point force acting on a substrate with
surface tension, we derive the singular integral equation of this problem. By using the Guass–Chebyshev
quadrature formula, the integral equation is solved numerically to illuminate the inﬂuence of surface ten-
sion on the contact response. It is found that when the contact width is comparable with the ratio of sur-
face tension to elastic modulus, surface tension signiﬁcantly alters the pressure distribution in the
contact region and the contact width. Compared to that of the classical Hertzian contact, the existence
of surface tension decreases the displacements on the half plane and yields a continuous slope of normal
stress and displacements across the contact fringe. In addition, it predicts the increase of hardness as the
radius of indent cylinder decreasing. The obtained results are useful for the measurement of mechanical
properties of materials based on the indentation technique.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
The atoms near the free surfaces of a material experience a local
environment distinct from those in the bulk. From the viewpoint of
continuum mechanics, this difference can be described by such
concepts as surface tension, surface energy, and surface constitu-
tive relations (Cammarata, 1994). The relative importance of
surface effects can be roughly estimated by the ratio of surface ten-
sion to the bulk elastic modulus, which gives an intrinsic length for
a speciﬁc material. The ratio is normally on the order of angstroms
or nanometers for most metallic materials and can reach a few mi-
crons for polymers and other soft materials. Therefore, surface
effects on the deformation of most macroscopic structures are gen-
erally negligible. However, both experimental and theoretical
results have demonstrated that when the characteristic dimensions
of materials or structures shrinks to nanometers, surface effects
may play a signiﬁcant role in their mechanical and physical behav-
ior due to the high surface-to-volume ratio (Miller and Shenoy,
2000; Zhang et al., 2008; Park, 2009). To account for the effects of
surfaces in solids, Gurtin and Murdoch (1975) and Gurtin et al.
(1998) established a continuum mechanics model of surface elas-
ticity. Investigations on nanosized structural elements under vari-
ous conditions showed that the theory of surface elasticity can
well explain the results of experimental measurements and atomic
simulations (Miller and Shenoy, 2000; Shenoy, 2002). When thell rights reserved.
nggangfeng@tsinghua.org.cnroot radius of crack tip decreases to nanometers, both theoretical
analysis and ﬁnite element calculations revealed that surface
effects also signiﬁcantly affect the crack tip ﬁelds (Fu et al., 2008;
Wang et al., 2008; Kim et al., 2010). In addition, interface effects
signiﬁcantly alter the local elastic state around nanosized inhomo-
geneities (Sharma et al., 2003; Mi and Kouris, 2006; Tian and
Rajapakse, 2007; Mogilevskaya et al., 2008; Ou et al., 2009; Jammes
et al., 2009) and result in the size dependence of the effective elastic
moduli of nanocomposites (Duan et al., 2005; Gao et al., 2006; Chen
et al., 2007; Mogilevskaya et al., 2010).
The contact of elastic bodies is another fundamental and impor-
tant problem of extensive interest. The classical Hertzian contact
mechanics does not account for surface effects (Johnson, 1985).
As either of the two contacting bodies has the characteristic sizes
of micrometers or nanometers, surface effects may have a consid-
erable or even dominant inﬂuence on the contact problem. Such
effects as the adhesive work and the adhesive force have been
discussed in the well-known Johnson–Kendall–Roberts model
(Johnson et al., 1971) and Derjaguin–Muller–Toporov model
(Derjaguin et al., 1975), respectively. In the present paper, we are
concerned with the inﬂuence of surface stresses on contact prob-
lem. To evaluate the elastic modulus of inﬂated lobes of lung, Hajji
(1978) studied the axisymmetric indentation on an elastic half
space with a pre-stressed membrane. Koguchi (1996) considered
an axisymmetric elastic body contacting with an elastic half-region
coated with a thin elastic ﬁlm. Based on the surface elasticity,
Huang and Yu (2007) derived the two-dimensional surface Green’s
function and investigated the interaction between surface steps.
He and Lim (2006) formulated the three-dimensional surface
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surface stresses. Chen and Zhang (2010) presented the correspond-
ing surface Green’s function for anti-plane shear deformation.
Using Stroh’s formulism, Koguchi (2008) obtained the surface
Green’s function of an anisotropic half space with surface effects.
Through the Fourier integral transformation method, Wang and
Feng (2007) derived the elastic ﬁeld induced by a concentrated
force acting on a half space with surface tension.
The indentation technique has been extensively adopted to
measure the mechanical properties of materials. In this technique,
an indenter of speciﬁcally designed shape (e.g., sphere, cylinder,
cone, wedge, three or four-sided pyramid) presses on the surface
of the material to be measured. To extract the mechanical param-
eters from the obtained indentation force-depth curve, it is imper-
ative to understand the effect of surface tension or surface energy.
In the present paper, we will consider a two-dimensional contact
problem between a cylinder and a half space with surface tension.
The present paper is organized as follows. In Section 2, we intro-
duce some basic equations of surface elasticity theory. In Section
3, the singular integral equation for a two-dimensional Hertzian
contact problem with surface tension is derived based on the solu-
tion of a concentrated force we obtained previously (Wang and
Feng, 2007). In Section 4, the Guass–Chebyshev quadrature for-
mula is employed to solve the singular integral equation. Finally,
the effects of surface tension are discussed in Section 5.2. Basic equations of surface elasticity
For completeness, the theory of surface elasticity is reviewed
brieﬂy (Gurtin and Murdoch, 1975; Gurtin et al., 1998). In this
theory, a surface is regarded as a negligibly thin membrane ideally
adhered to the bulk. The equilibrium and constitutive equations in
the bulk of solid are the same as those in the classical theory of
elasticity, but the presence of surface stress gives rise to a non-
classical boundary condition.
In the absence of body forces, the equilibrium and the isotropic
constitutive relations in the bulk read
rij;j ¼ 0; ð1Þ
rij ¼ 2G eij þ m1 2m ekkdij
 
; ð2Þ
where G and m are the shear modulus and Poisson’s ratio, rij and eij
are the stress tensor and strain tensor, respectively. Einstein’s sum-
mation convention is adopted for repeated Latin indices (1, 2, 3) and
Greek indices (1, 2). The strain tensor is related to the displacement
vector ui by
eij ¼ 12 ðui;j þ uj;iÞ: ð3Þ
Assume that the surface of material adheres perfectly to its bulk
without slipping, then the equilibrium conditions for an initially
ﬂat surface are expressed as (Mogilevskaya et al., 2008)
ta þ rsba;b ¼ 0; ð4Þ
rijninj ¼ rsabjab; ð5Þ
where ta denotes the surface traction in the xa-direction, ni the unit
vector normal to the surface, jab the curvature tensor of the
deformed surface, and rs ab the surface stress tensor.
The surface stress tensor rs ab is related to the surface energy
density c(eab) by
rsab ¼ cdab þ
@c
@eab
: ð6ÞThe second term in Eq. (6) indicates the variation of the surface
energy density with respect to the elastic strain. If the change of
the atomic spacing during deformation is inﬁnitesimal, the contri-
bution from the second term to the surface stress will be negligibly
small in comparison with the residual surface tension (Yang, 2004;
Shenoy, 2005). Thus, the surface stresses are written as
rsab ¼ cdab: ð7Þ3. Hertzian contact model with surface tension
In the indentation technique, a hard cylinder can be used to
press a much softer material. Such an approach is of special inter-
est for the characterization of the mechanical properties of elasto-
mers, polymeric gels, and biological tissues. In this study,
therefore, we consider a two-dimensional Hertzian contact prob-
lem, as shown in Fig. 1, where a rigid cylinder with a circular cross
section of radius R indents on an elastic half space. Refer to the
Cartesian coordinate system (O–xyz), where the origin O is located
at the initial contact point, the x-axis along the initial surface of the
half space, and the z-axis perpendicular to the surface. The cylinder
is subjected to a resultant force P along the z-direction. Let 2a
denote the width of the contact region. To denote the indent depth
d, a datum point is chosen on the surface at a distance r0 from the
origin. The plane-strain conditions in the x–z plane are assumed,
i.e., e2i = 0.
In the case of small deformation, the displacement boundary
condition in the contract region is described by
wðx;0Þ ¼ d ðR
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2  x2
p
Þ  d x
2
2R
; for jxj 6 a: ð8Þ
When surface tension is taken into account, Eq. (5) gives the bound-
ary condition outside the contact region as
r33ðx;0Þ ¼ c @
2wðx;0Þ
@x2
; for jxj > a: ð9Þ
Under the assumption of frictionless contact, the following
boundary conditions hold on the whole upper surface (z = 0) of
the half space:
r13ðx;0Þ ¼ 0: ð10Þ
Provided that the Green’s function of a point force acting on sur-
face is known, the contact problem can be transformed into the
solution of an integral equation. Using the Fourier transformation
method, Wang and Feng (2007) derived the elastic ﬁeld induced
by a normal point force with surface tension. For a point force L
acting on the surface at the origin, the normal stress and displace-
ments are presented as
r33ðx; zÞ ¼  Lp
Z 1
0
1þ zn
snþ 1
 
cosðxnÞezndn; ð11Þ
uðx; zÞ ¼ L
2pG
Z 1
0
znþ 2m 1
ðsnþ 1Þn sinðxnÞe
zn dn; ð12Þ
wðx; zÞ ¼ L
2pG
Z 1
0
2ð1 mÞ þ zn
ðsnþ 1Þn ½cosðxnÞ  cosðr0nÞe
zndn; ð13Þ
where
s ¼ cð1 mÞ
G
ð14Þ
is an intrinsic material length indicating the relative signiﬁcance of
surface tension. On the contact surface (z = 0), the normal stress and
displacements are
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Z 1
0
cosðxnÞ
ðsnþ 1Þdn; ð15Þ
uðx;0Þ ¼  ð1 2mÞL
2pG
Z 1
0
sinðxnÞ
ðsnþ 1Þndn; ð16Þ
wðx;0Þ ¼ ð1 mÞL
pG
Z 1
0
1
ðsnþ 1Þn ½cosðxnÞ  cosðr0nÞdn: ð17Þ
For the two-dimensional Hertzian contact problem shown in
Fig. 1, assume that the pressure in the contact region is p(x), then
the resultant pressure over the contact region equals to the exter-
nal load P, that is,
Z a
a
pðgÞdg ¼ P: ð18Þ
Based on the elastic ﬁelds in Eqs. (11)–(13) induced by a point
force, one can obtain the stress and displacement ﬁelds in the half
space subjected to the distributed pressure p(x). They are
expressed as
r33ðx; zÞ ¼  1p
Z a
a
Z 1
0
1þ zn
snþ 1
 
cos½ðx gÞneznpðgÞdgdn; ð19Þ
uðx; zÞ ¼ 1
2pG
Z a
a
Z 1
0
znþ 2m 1
ðsnþ 1Þn sin½ðx gÞne
znpðgÞdgdn;
ð20Þ
wðx; zÞ ¼ 1
2pG
Z a
a
Z 1
0
2ð1 mÞ þ zn
ðsnþ 1Þn fcos½ðx gÞn
 cosðr0nÞgeznpðgÞdgdn: ð21Þ
On the surface (z = 0), the corresponding normal stress and dis-
placements are given by
r33ðx;0Þ ¼  1p
Z a
a
Z 1
0
cos½ðx gÞn
ðsnþ 1Þ pðgÞdgdn; ð22Þ
uðx;0Þ ¼  ð1 2mÞ
2pG
Z a
a
Z 1
0
sin½ðx gÞn
ðsnþ 1Þn pðgÞdgdn ð23Þ
wðx;0Þ ¼ 1 m
pG
Z a
a
Z 1
0
cos½ðx gÞn  cosðr0nÞ
ðsnþ 1Þn pðgÞdgdn: ð24Þ
Substitution of Eq. (24) into (8) leads to
1 m
pG
Z a
a
Z 1
0
cos½ðx gÞn  cosðr0nÞ
ðsnþ 1Þn pðgÞdgdn ¼ d
x2
2R
: ð25Þ
Differentiating Eq. (25) with respect to x, one has
1 m
pG
Z a
a
Z 1
0
sin½ðx gÞn
ðsnþ 1Þ pðgÞdgdn ¼
x
R
: ð26Þ
By introducing the sine integral function and the cosine integral
function
SiðxÞ ¼
Z x
0
sin/
/
d/ for 1 < x < 1;
CiðxÞ ¼ 
Z 1
x
cos/
/
d/ for x > 0; ð27Þ
and using the Froullani integral
Z 1
0
cosðlxÞ  cosðmxÞ
x
dx ¼ lnm
l
ðl;m > 0Þ; ð28Þ
the double integrals in Eqs. (22)–(24) and (26) reduce tor33ðx;0Þ ¼  1sp
Z a
a
p
2
sin
jx gj
s
 
 cos x g
s
 
Ci
jx gj
s
 
 sin x g
s
 
Si
x g
s
 i
pðgÞdg; ð29Þ
uðx;0Þ ¼  ð1 2mÞ
2pG
Z a
a
p
2
sgn
x g
s
 
1 cos x g
s
 h in
 sin xg
s
 
Ci
jxgj
s
 
þ cos xg
s
 
Si
xg
s
 
pðgÞdg; ð30Þ
wðx;0Þ ¼ ð1 mÞpG
Z a
a
ln
r0
jx gj
 
þ cos x g
s
 
Ci
jx gj
s
 
þ sin x g
s
 
Si
x g
s
 
 p
2
sin
jx gj
s
 
 cos r0
s
 
Ci
r0
s
 
 sin r0
s
 
Si
r0
s
 
þ p
2
sin
r0
s
 i
pðgÞdg; ð31Þ
1 m
pG
Z a
a
1
s
p
2
sgn
x g
s
 
cos
x g
s
 
þ sin x g
s
 
Ci
jx gj
s
 
 cos x g
s
 
Si
x g
s
 i
pðgÞdg ¼ x
R
; ð32Þ
respectively, where
sgnðxÞ ¼
1; x > 0;
0; x ¼ 0;
1; x < 0
8><
>: ð33Þ
is the sign function.
It is noticed that for x 1,
CiðxÞ  sin x
x
; SiðxÞ  p
2
 cos x
x
: ð34Þ
Therefore, when the surface tension is not considered (i.e.,
s = 0), Eq. (32) will reduce to that of classical Hertzian contact as
(Johnson, 1985)
1 m
pG
Z a
a
pðgÞ
x gdg ¼
x
R
: ð35Þ
For the case without surface tension, the pressure in the contact
region is given as
pðxÞ ¼ Gð1 mÞR ða
2  x2Þ1=2; ð36Þ
and the contact width a depends on the load P via the relation
a2 ¼ 2ð1 mÞRP
pG
: ð37Þ
When surface tension is taken into account, to determine the
pressure p(x), one needs to solve the integral equation in Eq. (32)
together with the constraint condition in Eq. (18). For convenience,
the two equations are rewritten as the normalized form:
1
p
Z 1
1
1
s0
p
2
sgn
x0  g0
s0
 
cos
x0  g0
s0
 
þ sin x
0  g0
s0
 
Ci
jx0  g0j
s0
 
 cos x
0  g0
s0
 
Si
x0  g0
s0
 	
pðag0Þdg0 ¼ aGð1 mÞR x
0; ð38Þ
1
p
Z 1
1
pðag0Þdg0 ¼ P
pa
; ð39Þ
respectively, where x0 = x/a, g0 = g/a, and s0 = s/a.4. Numerical method
For a typical Cauchy singular integral equation
Fig. 1. Indentation of a rigid cylinder on an elastic half space.
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p
Z 1
1
yðtÞ
t  x ð1 t
2Þ12dt þ k
Z 1
1
ð1 t2Þ12kðt; xÞyðtÞdt
¼ f ðxÞ ð1 < x < 1Þ ð40Þ
with the constraint condition
1
p
Z 1
1
ð1 t2Þ12yðtÞdt ¼ N: ð41Þ
Erdogan and Gupta (1972) gave the solving method based on
the Guass–Chebyshev quadrature formula. This method is applied
to the contact problem in this study. By applying the quadrature
formula to a point set, we transform Eqs. (40) and (41) into a group
of algebraic equations:
ðBþ kCÞY ¼ f; ð42Þ
where
B ¼ ½bij; bij ¼ n1ðtj  xiÞ1; bnj ¼ n1;
C ¼ ½cij; cij ¼ pn1kðxi; tjÞ; cnj ¼ 0;
Y ¼ ½yðt1Þ; yðt2Þ; . . . ; yðtnÞT ; f ¼ ½f ðx1Þ; f ðx2Þ; . . . ; f ðxn1Þ;NT ;
xi ¼ cos ipn ; tj ¼ cos
ð2j 1Þp
2n
ði ¼ 1;2; . . . ;n 1; j ¼ 1;2; . . . ;nÞ:
ð43Þ
By solving the algebraic equations (42), one can obtain the
approximate solution of Eqs. (40) and (41).
As a benchmark test of this numerical method, we use the
above Guass–Chebyshev quadrature formula to solve the classical
Hertzian contact problem described by Eqs. (35) and (18). The
numerical result gives a very good agreement with the analytical
solution in Eq. (36), demonstrating the efﬁcacy of the method.
Since the integral kern in Eq. (32) is similar to that in Eq. (35),
we adopt the above Guass–Chebyshev quadrature formula to solve
the singular integral equation (38) in conjunction with its con-
straint condition in Eq. (39). In this particular case, k ¼ 0 and the
corresponding linear equations (42) becomes
BY ¼ f; ð44Þ
whereB ¼ ½bij;
bij ¼ 1ns0
p
2
sgn
xi  tj
s0
 
cos
xi  tj
s0
 
þ sin xi  tj
s0
 
Ci
jxi  tjj
s0
 
 cos xi  tj
s0
 
Si
xi  tj
s0
 	
;
bnj ¼ n1;
f ¼ Gað1 mÞR ½x1; x2;    xn1;
ð1 mÞR
Ga
 P
pa
T :
ð45Þ
By solving the linear equation (44), one can get the value of y(tj).
Then setting pðatjÞ ¼ yðtjÞ=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2j
q
, one can obtain the pressure
p(x) in the contact region. Substitution of the pressure p(x) into
Eqs. (19)–(21) gives the elastic ﬁelds of half space.
It should be pointed out that, to determine the pressure p(x) by
solving the integral equation as well as the constraint condition,
we need to know the value of both P and a simultaneously. Just like
that in the classical Hertzian contact problem, the pressure p is not
uniquely deﬁned until the contact width a is related to the load P.
Therefore, for a given load P, we need to assume an initial contact
width a0 (i.e. predicted by the classical Hertzian contact problem)
ﬁrstly. By solving the integral equation and the constraint condi-
tion, we can calculate the pressure corresponding to this assumed
contact width a0. Then it is required to check whether such a distri-
bution of pressure is reasonable. If the trial value a0 is larger than
the proper one a, the pressure will appear negative at the contact
fringe, which is physically unreasonable for the Hertzian contact.
If the trial value a’ is smaller than the proper one a, the pressure
at the contact fringe will ascend to inﬁnite, which implies the
unreasonable contact outside the contact region (Johnson, 1985).
Therefore, for a given load P, we adopt an iterative methodology
to seek the proper value of a, which will generate ﬁnite positive
pressure in the whole contact region.5. Results and discussion
We take the indentation of a cylinder on a compliant elastomer
as an example. The material constants are set as G = 1 MPa, m = 0.4,
and c = 0.1 J/m2 (Shenoy and Sharma, 2001). Thus from Eq. (14),
one has s = 60 nm. Then we use the numerical method in Section
4 to solve the contact problem and examine the surface effects
on the pressure p(x) and the contact width a.
Fig. 2. Pressure distribution in the contact zone. Fig. 4. Distribution of the normal stress on the upper surface of the half space.
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distribution p(x) in the contact region normalized by the average
pressure P/(2a), where the resultant force P is ﬁxed. It is seen that
for a large size of cylinder (i.e., R = 1 mm), the present model
approaches the classical Hertzian contact model. However, as the
indenter radius R reduces to micrometers, the pressure distribution
in the contact region shows a dependence on R. It is interesting to
ﬁnd that there is a ﬁxed point at x = ±0.618a (the golden section
point), where the pressure p always equals to its average value
over the contact region, P/(2a). With the decrease in the indenter
radius, surface effects become more and more important. As a re-
sults, the pressure in jxj 6 0:618a gradually decreases to approach
the average pressure, while the pressure in 0:618a < jxj 6 a
increases to approach the average pressure. This indicates that
the effect of surface tension tends to make the pressure distribu-
tion in the whole contact region more uniform.
According to the Laplace–Young equation or Eq. (5), surface ten-
sion generates a uniform distributed force c/R along the negative z-
axis in the contact region. It is expected that only when the average
pressure P/(2a) is comparable with c/R, the inﬂuence of surface
tension is prominent. When the average pressure P/(2a) is much
larger than c/R, surface effects will be negligible. Fig. 3 plots the
relationship between the load P and the contact width a. For the
classical Hertzian contact, Eq. (37) givesFig. 3. The relationship between the indentation force and the contact zone width.P=2a
c=R
¼ p
4
a
s
; ð46Þ
which corresponds to a straight line passing the origin (Fig. 3). For a
given load, the contact width a will be smaller than that predicted
by the classical Hertzian model, since surface tension on the upper
surface of the half space can sustain some external load. Though it is
difﬁcult to obtain an explicit relation between the load and the con-
tact width, the curve in Fig. 3 can be encompassed by two lines in
parallel with the classical Hertzian solution, that is
2a
c
R
6 P  pG
2ð1 mÞ
a2
R
6 2koa
c
R
: ð47Þ
For a/s < 10, k0 can be set to 2.2. When the contact width a is
much larger than s, surface effects can be neglected and the rela-
tionship between P and a reduces to the classical Hertzian model.
For several representative radii of cylinders subjected to a given
load P, Fig. 4 demonstrates the normal stress in the bulk of the half
space. It is found that, due to the existence of surface tension, only
a part of the external load P is transmitted to the bulk in the con-
tact region while the remaining is born by the material outside the
contact region. With the decrease in the indenter radius, the load
transmitted to the bulk in the contract region becomes smaller
and smaller. Moreover, the gradient of the normal stress varies
continuously across the contact fringe.
To display the geometric morphology of the deformed surface in
the vicinity of the contact region, a reference point is taken at
r0 = 5a. Figs. 5 and 6 show the normal and tangential displacements
on the surface of the half space, respectively. Different from the
abrupt change of displacement gradients at the contact fringe
predicted by the classical Hertzian contact, the present model
yields a continuous displacement slope. It is found that in compar-
ison with the classical Hertzian contact, surface tension decreases
the displacements on the surface. The signiﬁcance of such effects
increases as the indenter radius decreases.
Provided that the reference point has been speciﬁed, one can
deﬁne the indentation hardness of the elastic half space as
H ¼ P
wð0;0Þ : ð48Þ
For a speciﬁc load P and cylinder radius R, the Hertzian mode
estimates the contact width a⁄ as
ðaÞ2 ¼ 2ð1 mÞPR
pG
; ð49Þ
Fig. 5. The normal displacement on the upper surface of the half space.
Fig. 6. The tangential displacement on the upper surface of the half space.
Fig. 7. The variation of the hardness with respect to a⁄.
J.M. Long et al. / International Journal of Solids and Structures 49 (2012) 1588–1594 1593which can be used as an indicator to include both the effects of load
and cylinder size. Fig. 7 gives the variation of the predicted hardness
with respect to a⁄/s. It is found that when the estimated contact
width a⁄ is smaller than 2s, the nominal hardness increases dramat-
ically. However, when the estimated with a⁄ is larger than 4s, the
deﬁned hardness approaches to a constant. These characteristics
can be used to measure the shear modulus and the surface tension
of materials on how to choose the cylinder radius R and the loading
P. By measuring the hardness for the case of a large
value of PR, one can determine the value G/(1  m) of substrate.
Then by measuring the hardness for the case of a small value of
PR, the surface tension of material can be obtained through Fig. 7.6. Conclusions
Based on the elastic solution of a point force acting on the sur-
face of an elastic half space with surface tension, we have investi-
gated the contact problem between a rigid cylinder and a half
space. The Guass–Chebyshev quadrature formula is applied to
solve the derived integral equation. It is found that when the con-
tact width is on the same order as the ratio of surface tension to
elastic modulus, surface tension evidently affects the pressure dis-
tribution and the width of the contact region. Surface tension tends
to make the normal pressure in the contact region more uniformand decrease the contact width. In addition, the slope of the nor-
mal bulk stress and displacements vary continuously across the
contact fringe. The obtained results can be used to measure the
mechanical properties of materials by using the indentation
technique.Acknowledgements
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